Abstract: The dynamic of string fluctuation under rotating BTZ black hole is studied using the method of [14] . We compare the result with previous computation in [1] , with a different method, for the case of co-rotating string. The result gives definite answer that the end of string identified as an external quark at the boundary behaves as Brownian particle with mass is given an effective mass M ef f equal to the zero temperature mass of external quark M 0 times Lorentz factor γ to the power three. We also extend the computation for general case of rotating black hole where the metric is asymptotically AdS 3 and the fluctuation is taken only along the corotating motion. It shows that the effective mass of the external quark is in general given by γ 3 M 0 .
Introduction
Brownian motion is a phenomena where a Brownian particle, refers to an external quark in our case, moves randomly in a thermal plasma medium as the consequence of random collisions with the medium constituent. In a standard formula, the dynamic of Brownian particle is described by the Langevin equation
where m is the mass of Brownian particle, µ is the friction coefficient, R(t) is the random force, and T is temperature of the medium. The mass of Brownian particle may not be equal to the rest mass of the external quark and it might be modified due to the medium where it moves. Knowing temperature of the media and by computing the early and late times behavior of the displacement square of the Brownian particle, we can extract the mass and friction coefficient respectively [3, 11] . In strongly coupled medium such as Quark Gluon Plasma, the calculation for random-random force corellator must rely on non-perturbative techniques. An elegant technique that we are going to present here is by using the holographic principal in the context of AdS/CFT correspondence [5, 4] . The setting in this holographic Brownian motion is given by a fundamental string stretching from horizon to the boundary of a black hole background metric. The Brownian motion corresponds to fluctuation of the end of fundamental string at the boundary, which is interpreted as the external quark [2, 10] , and the thermal medium corresponds to the black hole metric.
There are two methods of computing holographic Brownian motion. The first method [11] considers Brownian motion of the string at the boundary caused by Hawking radiation near the horizon while the second method [14] uses the extension of Schwinger-Keldysh formalism for thermal field theory at the boundary. Although both methods use different approach, they surprisingly give the same physical result of Brownian motion at the boundary even though they have their own eminences yet the connection between these methods is unclear, for details see [15] . As an example, the first method can be used to calculate Brownian motion where the background metric is not necessarily asymptotically Anti de-Sitter spacetime however the calculations must rely on the presumable Langevin equation [17, 18] . On the other hand the second method requires the background metric to be asymptotically Anti de-Sitter but no a priori Langevin equation is taken into account. The Langevin equation comes out naturally from the path integral integration which can be an advantage if we would like to calculate Brownian motion where the exact form of the Langevin equation is unknown, e.q. in rotating fluid or nonlinear Langevin equation.
This article is motivated by an interesting result of the holographic Brownian motion in two dimensional rotating plasma computed in [1] . Using the first method, it was concluded that the mass of the co-rotating Brownian particle appears in the Langevin equation should be modified into an effective mass rather than being zero temperature mass of an external quark M 0 Q . The modification on the mass of Brownian particle was also suggested in the non-rotating case for which the effective mass is the sum of the zero temperature quark mass and the in-medium mass shift ∆M effected by the medium [14] 1 . On contrary the effective mass in co-rotating case of [1] did not have in-medium mass shift term instead it was given by M 0 Q times a multiplication factor γ 3 , where γ is a "Lorentz" factor. The arguments used in [1] was based on observation of asymptotic time behaviour of the displacement squared and it was supported by a new approach using random-random force correlator. Nevertheless, It might still raise some doubts such as whether the Langevin equation used in [1] was correct or not. In order to address this question a method describing holographic Brownian motion formulated by Son and Teaney [14] is of the interest.
In this article we would like to redo the calculation in [1] for BTZ black hole case using the second method and compare it with the previous calculation. We also generalize the calculation for arbitrary rotating black holes, with one rotation parameter, where the metric is taken to be asymptotically Anti de-Sitter and restrict to the Brownian motion of co-rotating string in this background 2 . The situation here is some what different from relativistic Brownian motion as in [19] though the fluctuation is carried out over a moving string 3 . We will check if this "Lorentz" factor in the effective mass is generic or not.
Brownian Motion in BTZ Black Hole

Co-rotating solution
First, we start with the dynamic of a string which is classically given by the NambuGoto action
2)
3)
where σ ≡ (σ 0 , σ 1 ) is the string worldsheet coordinate, X µ is the spacetime coordinate, α ′ is related to the string length scale, and g µν is the background metric. The background metric, g µν , for BTZ black hole is written as follows [6] : 5) with −∞ < t < ∞, 0 < r < ∞ and 0 ≤ φ < 2π. M and J are mass and angular momentum of the black hole. The Hawking temperature for this metric, also interpreted as temperature of the plasma, is given by a formula
where r − is the inner horizon and r + is the outer horizon. For convenience, we will set the length square dimension l 2 = 1. The string equation of motion can be derived from the Nambu-Goto action with a linear ansatz
where w is a constant velocity of the string and η is an effective field which depend only on the radial coordinate. Physical solution requires
where π φ is proportional to the energy flow along the string which is fixed to be π
. The co-rotating string in [1] was defined at π φ = 0 or equal to set the velocity w = r − /r + and η ′ (r) = 0.
Small fluctuation
Following [1] , we take small fluctuation around co-rotating solution
with w = r − /r + and C is constant, which can be set to zero. Writing φ → wt + φ we haveẊ
10) 12) so the determinant of the metric becomes
Expanding the Nambu-Goto action up to quadratic power of φ we obtain equation of motion
14)
The equation of motion could also be derived by considering the small fluctuation around static string solution over a background metric
This metric was used in [1] in the computation of the Brownian motion. Unfortunately this metric does not manifest asymptotically AdS near the boundary, r → ∞.
There is actually a nicer metric implying the same equation of motion with asymptotically AdS near the boundary and it is given by
For our purpose here we are going to use the metric (2.16) as such to follow the computation in [14] for asymptotically AdS metric background. In doing so, we transform the time and angular coordinates to
where γ is the "Lorentz" factor. In this coordinate, the Hawking temperature changes toT
and the equation of motion is modified to
. The solution is written as 
We have normalized the solutions at the boundary, f ± ω (r → ∞) = 1.
Langevin equation
Imposing another boundary condition near horizon for the full Kruskal plane as shown in [14] , with right and left quadrant denoted by subscript 1 and 2 respectively, the general solution can be written as
with 0 ≤ σ ≤ 1/T and
The Boltzmann-Einstein distribution is given by n(ω) = 1/(eω /T − 1). Notice that φ i (ω, r → ∞) =φ i (ω), with i = 1, 2. Plugging back the solution into the action resulting the boundary action
where we have put a UV-cutoff at r = r b ≫ r + and brackets in the second term is the first term with index 1 replaced by index 2. Writing in terms of the bulk r and a fields
and defining a retarded Green function
the boundary action becomes, for σ = 0,
where
With this boundary action we can extract the Langevin equation from the partition function, see [14] for details,
2 and M 0 is the zero temperature mass of external quark,
computed from the asymptotically AdS metric (2.16) which turns out to be equal to the zero temperature mass of external quark in BTZ black hole. In expansion of G 0 R (ω) for large r b up to zero order of r b , we then obtain
(2.33)
The result shows there is no in-medium mass shift coming from the fluid which is dual to the metric (2.16). Taking low frequency limit of G R (ω), up toω 2 , the Langevin equation becomes
Defining the boundary field in the "original" time coordinate t with φ(t) = dω 2π e −iωtφ (ωγ), where we have suppressed the subscript index r, the Langevin equation in time coordinate is
where we have defined ξ(t) =ξ(t). Here the effective mass comes out naturally and it turns out to be equal to effective mass proposed in [1] . The result also justifies the Langevin equation and the random-random force correlator approach used in [1] .
General Co-rotating Brownian Motion in Rotating Fluid
The most common metric components for rotating AdS black holes in more than three dimensional spacetime depend on more than one coordinate: a radial coordinate and some compact coordinates [22, 23, 21] . We limit our case up to five dimensional spacetime, where the metric components depend on only one compact coordinate, and take the metric components to only depend on radial coordinate by means of fixing the compact coordinate in such away the metric of the subspacetime is asymptotically AdS and also it has stationary string solution. For example in four dimensional Kerr-AdS black holes, after converting to asymptotically "cannonical" AdS coordinate [24] , one can take the polar coordinateθ = π/2 so that the metric is asymptotically AdS 3 . Note that this way of subspacetime construction may not be a solution to the Einstein equation with negative cosmological constant and asymptotically the coordinate only covers the half-space of the AdS 3 space. As an example, a simple way of getting asymptotically AdS 3 out of four dimensional toroidal KMVAdS black hole in [22] is by setting P = 0. The resulting metric is clearly not the solution to three dimensional Einstein equation with negative cosmological constant. Following the above construction, we may consider the general metric with one rotation in X direction
Asymptotically AdS requires
As mentioned before, this metric may not be solution of the three dimensional Einstein equation with negative cosmological constant. The near boundary expansion for g t −component is different compare to the expansion in [20] with O(r −3 ). Nevertheless, the asymptotically AdS behaviour above cover all possible subspacetime of the more than three dimensional spacetime and also including the BTZ black hole (2.5). More precisely, we also consider the general metric to be a black hole with an even horizon at r + . All functions in the metric components are positive semidefinite and regular in r + ≤ r < ∞ with an exception f ∼ (r − r + ) near the horizon.
Co-rotating solution
The dynamic of fundamental string described by Nambu-Goto action under the general metric above with linear solution of the equation of motion is given by
where v is constant and here we have used the axial gauge. The curved function
is related to a drag force, where π X is the total force acts on the string [8, 7] . Reality condition requires that π X = g x (v + g t )| rc where r c ≥ r + is the critical point defined as the largest positive root of equation h t f = g x (v + g t ) 2 . The co-rotating solution is defined as the solution for π X = 0 thus g t (r c ) = −v, here r c = r + , and so η = constant which we set to be zero [9, 1] .
Small fluctuation
Taking small fluctuation around this co-rotating solution, the metric determinant in the square root of Nambu-Goto action (2.1) becomes
withẊ, X ′ ≪ is small. The Nambu-Goto action up to the second order expansion of small fluctuation is then written as
(3.6)
with
The above expansion of Nambu-Goto action can be obtain effectively from small fluctuation over a static solution of the following effective metric
The Hawking temperature in this effective metric is given by
Recall that for co-rotating motion r c = r + which is the even horizon of the original rotating metric.
Near the boundary, r → ∞, the metric components behave as
We can write it in form of the usual asymptotically AdS metric in terms of "bar" coordinates
In this "bar" coordinates, the Hawking temperatures is scaled as
The solution is written asX(ω, r) = e −iωt Fω(r). Two independent solutions F + ω and F − ω denoting the outgoing and incoming wave functions near the horizon respectively. These solutions are related by
* . We set up boundary condition at the boundary such that F ± ω (r → ∞) = 1. In order to have a thermal field theory as the boundary theory, we have to impose another boundary condition near horizon, see [14] for detail procedure.
Langevin equation
In the full Kruskal plane with right and left quadrant denoted by subscript 1 and 2 respectively, the general solution can be written as
The Boltzmann-Einstein distribution is given by n(ω) = 1/(eω /T − 1) and σ parameterizes the vertical distance between time in quadrant 1 and 2 in the complex time diagram, for our purpose here we set σ = 0. Plugging back the solution into the action gives a boundary action
where we have put a UV-cutoff at r = r b ≫ r c and brackets in the second term is the first term with index 1 replaced by index 2. In terms of the bulk r− and a−fields, 24) and defining a retarded Green function
the boundary action becomes
From this boundary action we can extract the Langevin equation, see [14] for details,
with G R (ω) = G 0 R (ω) + M 0ω 2 and M 0 is the zero temperature mass of the external quark in "bar" coordinates. Its finite temperature mass is given by
with r c ∼ T H . For r b ≫ r c . The integral in zero temperature mass formula is dominated by region near the UV-cutoff and so
One can also check using formula in [7] that this is equal to the zero temperature mass of external quark in the original general rotating metric (3.1). Now let's compute retarded green function G 0 R and expand it up to r 0 b using the matching technique [16] which can also be found in [12] for AdS case. In the low frequency limit,
where b is an arbitrary number. The result in a leading order ofω is given by
One then can extract the Langevin equation written in terms of "bar" coordinates as follow:
Writing in term of time coordinate t and using thatX(t) = γX(t), we obtain
where we have defined ξ(t) =ξ(t). Here once again we show that for general metric (3.1) the mass of Brownian particle is given not by the zero temperature mass of the external quark but rather its effective mass M ef f ≡ γ 3 M 0 > M 0 , for v > 0.
Discussion and Conclusion
The result in (2.35) justifies the use of the standard linear Langevin equation for the co-rotating case of Brownian motion on BTZ black hole in the calculation of [1] . It also implicitly justifies the random-random force correlator approach in the aforementioned paper. The random-random force correlator is equal to the one calculated in the approach of [1] which indicates that the external quark behaves as a Brownian particle. Since there is no mass dependent in its explicit formula, or in the same meaning that the friction coefficient is inverse to the mass, the mass in the Langevin equation is not necessary the zero temperature mass of external quark, M 0 , in fact the Brownian mass should be given by an effective mass, γ 3 M 0 . It is an interesting fact that an external quark moves co-rotatingly with the fluid has larger mass compare to its relativistic mass, M rel = γM 0 . It might gives an indication that an object moves under influence of a black hole will have a larger mass than its relativistic mass. This was observed in the longitudinal fluctuation on a moving string under five dimensional AdS-Schwarzschild black hole [19] 7 . In a different context this γ 3 factor also appeared in four dimensional the black hole mass ration between the AdS-Schwarzschild black hole and the Kerr-AdS black hole [13] .
The effective mass of co-rotating external quark in more than three dimensional, up to five dimensional, rotating black holes also shows a generic behaviour, as in the BTZ black hole case, although we limit our discussion to the fluctuation along the longitudinal direction with a general metric (3.1). This metric is asymptotically AdS 3 and is a subspacetime of the original metric for some fixed (compact) coordinates. For example, the general metric (3.1) can be obtained from four dimensional Kerr-AdS black hole by taking the equatorial plane,θ = π/2, in asymptotically "cannonical" AdS coordinate. One may try to take a non-equatorial plane,θ = π/2, however the presence of anisotropic force will pull the external quark to the equatorial plane [9] . Hence the stationary string solution is only possible at the equatorial plane. However for five dimensional Kerr-AdS black hole and topological KMV-AdS black hole [22] , we have not found in the literature the study on anisotropic drag force that leads to stationary string solution on some fixed compact coordinate-dependent. Extending the calculation to more than five dimensional rotating black holes is more involved since it contains more than one compact coordinate-dependent. Nevertheless, we may still use general metric (3.1) requiring only asymptotically AdS 3 and string fluctuation along longitudinal direction of stationary string solution X.
